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1. INTRODUCTION

In this paper we are interested in the qualitative study of solutions of quasilinear elliptic
differential inequalities on complete Riemannian manifolds. In particular, we establish a
weak maximum principle at “infinity” under generally mild assumptions on the quasilin-
ear operators and on the manifolds themselves. In this introduction, in order to clarify
the presentation, the results are given for the canonical divergence structure differential
inequalities

(1.1) div{A(|Vu|)Vu} — f(u) > 0,

on a connected, complete, non—compact Riemannian manifold, (M, (-,-)), of dimension
m > 2. We fix an origin O and denote by r = r(z) the distance function from O to z.
Clearly 7 is of class Lip(M). Then Br = {z € M : r(z) < R} indicates the geodesic
ball of radius R > 0 centered at O. Here Vu denotes the gradient of the given function
u=wu(z), x € M. The main assumptions on A = A(p), ® := pA(p) and f = f(u) are:

(A1) AeCHR");
(A2)  ®'(p) >0 for p >0 and ®(p) — 0 as p — 0T;
(A3)  ®(p) <cp? onl0,w) for some ¢, w, o > 0.

Condition (A2) is a requirement for ellipticity of (1.1) and allows singular and degenerate
behavior of the operator A at p = 0, that is, at critical points of u. We emphasize that f
is assumed only continuous in R, unless otherwise stated.

By a semi—classical (classical) solution of (1.1) on M we mean a function u € Lip,.(M)
(u € CY(M)) which satisfies (1.1) in the distribution sense, that is, for all ¢ € C§°(M),
¢ =0,

J 4G9V V) + Flueir <.
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2 P. PUCCI AND M. RIGOLI

With the aid of (A2), we extend ® by continuity on Ry by setting ®(0) = 0 and complete
the definition of ® on the entire real line putting ®(p) = —®(—p) if p < 0. Introduce

(1.2) 1) = p2(p) = [“Blds, p=0.

The function H is easily seen to be strictly increasing in R(J{ .
For the Laplace operator, that is when (1.1) takes the classical form

Av — f(v) >0, v >0,

it results A(p) =1 and H(p) = % p?. Similarly, for the degenerate p-Laplace operator, p > 1,
we have A(p) = pP~2 and H(p) = (p—1)pP/p, while for the mean curvature operator, one has
A(p) = 1/+/1+p? and H(p) = 1—1/y/1+ p2. In the last example, note the anomalous
behavior ®(oc0) = H(oco) = 1, a possibility which occasionally requires extra care in the
statement and treatment of the results.

It is also worth observing that (1.1), when equality holds, is precisely the Euler-Lagrange
equation for the variational integral

1] = /M{guwn T F(o)}aM, F(v) = /0 " f(s)ds.

where G and A are related by G'(p) = pA(p) = ®(p), p > 0. In this case H(p) =
pG'(p) — G(p), is the pre-Legendre transform of G. Further comments and other exam-
ples of operators satisfying (A1)-(A3) are given in [16] and [18].

As a further remark we observe that, while globally the distance function on M is in
general only Lipschitz, we can always find at any point x € M a small geodesic ball Bg(x)
such that the distance from z, that is, dist(z,-) is a smooth function on Br(z) \ {z}. We
shall always call such a ball a regular ball without any further mentioning.

We shall usually work by comparing the manifold (M, (-,-)) with a model manifold in
the sense of Greene and Wu [8]. This latter can be briefly described as follows. A model
N = N(g) is a smooth Riemannian manifold of dimension m > 2 such that:

i) N has a pole O, that is the exponential map is a diffeomorphism of T (N') onto N;

ii) every linear isometry v : To(N) — To(N) is realized as the differential of an
isometry I : N — N/, that is, T'(O) = O and T'xo = v, where T, is the differential
of I' at O.

Clearly, N is complete and it may be identified with Tp(N') via the exponential map. In
geodesic polar coordinates (r,9) € Rt x S™~1 ~ A\ {O}, the Riemannian metric can be
expressed in the form

(1.3) () = dr® + g(r)?dv*,

where di? is the standard metric on S™~!, and g satisfies the following natural analytic
assumptions:

(g1) g€ C®RY), g®(0)=0foralk=0,1,..., ¢0)=1
(g2) g(r) >0 for r > 0,

which in particular guarantee that the metric defined in (1.3) can be extended smoothly
on all of N. Thus, for instance, the Euclidean space R™ and the hyperbolic space H"
of constant sectional curvature —1 are realized by the choices respectively g(r) = r and
g(r) = sinhr.
On the model r(z) = dist(z, O) is smooth outside O and satisfies
g'(r) g'(r) :

(1.4)  Ar=(m-—1) Ok Hess(r) = o [(-,-) — dr @ dr] in M\ {O}.

The classical Laplacian and Hessian comparison theorems allow us to estimate from above
and below (in general only in the weak sense) the Laplacian and the Hessian of the distance
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function on a generic manifold (M, (-,-)) via (1.4) of an appropriate model N' = N (g)
constructed through curvature conditions on the original manifold M. By way of example
observe that any complete manifold verifies condition

(M1) Riceip,(.,)(Vr, Vr) > —(m—=1)G(r) in M, for some positive non-decreasing func-

.y

tion G € CL(RY).
Hence by Lemma 2.1 of [16] the function g defined by

:fmp{DATVEﬁmk}—l

D+/G(0)

(1.5) g(r)

where D > 0 is sufficiently large, is such that

g'(r(z))
(1.6) Ar(z) < (m—1) 7(r(2)) on M\ [{O} Ucut(0)],
where cut(O) is the cut locus of the origin O, and (1.6) holds weakly on all of M.

When N is a model N' = N (g) the function defined by (1.5) does not coincide (in general)
with the original function g associated to the model itself. This is certainly clear when we
observe that the left hand side of the inequality in (M1) is simply —(m —1)g” /g, so that G
must only bound ¢” /g from above. However, we adopt this abuse of notation since in the
main proofs the function g in (1.5) will play the role of the function g of a model manifold
N =N(g).

This comparison technique will be repeatedly used in the sequel. Furthermore, on stating
and commenting some of our results we shall often explicitly consider the special case of
models with a twofold purpose: namely, through them we easily compare with the more
familiar Fuclidean setting and, when relevant, we may underline the influence of geometry.

To grasp the global structure of the manifold, we resort to a type of maximum principle,
which has its roots in the work of Omori [13], on immersions of minimal submanifolds into
cones of R™ and which relies on the following simple observation: if u : R — R is a C*(R)
function, with u* = supu < oo, then there exists a sequence {xy}r C R such that

(L.7) u(zg) >u* —1/k, W' (zx)| < 1/k  and u"(z) <1/k  for all k € N.

Omori established a version of this principle on a complete Riemannian manifold, with
sectional curvature bounded from below, and he also provided examples for which his global
form of the maximum principle fails. This new idea was taken up by Yau who refined the
principle for the Laplace—Beltrami operator in a series of papers [21], some of which in
collaboration with Cheng [1], and applied it to find, in an elegant way, solutions to several
geometrical problems. Some refinements and extensions have been recently given in [16].

Theorem 1.1. (The Strong Maximum Principle at Infinity.) Suppose that the Ricci
radial curvature of (M, (-,-)) satisfies (M1), with

(1.8) G(t) < z(t)*  fort>>1,

where z € CY(RY) is a positive non—decreasing function such that 1/z ¢ L'([1,00)). Let
u € CY(M) be such that u* = sup u < co. Let p >0 and

E,={zeM : u(z) >u" —p, |Vu| < p}.
Then for every € > 0 the function u is not a classical solution of the differential inequality

(1.9) div{A(|Vu|)Vu} > ¢ in E,.
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Clearly when u € C?(M) and the vector field A(|Vu|)Vu is of class C*(M, TM), the
above conclusion can be restated in a form similar to (1.7), in other words, there exists a
sequence {xy}, with the properties

(1.10) w(zg) > u* —1/k, \Vu(zy)| < 1/k, div{A(|Vu|)h(Vu, )} (z) < 1/k

for all £ € N.
Theorem 1.1 continues to hold if u € Lipy,.(M) is a semi-classical solution of (1.9)
provided that the set E,, is replaced by the larger open set

E,={zeM : ulx)>u" —p}

To illustrate the possible use of Theorem 1.1, we consider the following geometrical
example. An old result of Heinz [10] (originally stated for surfaces and then generalized by
Chern [2] and Flanders [7] to any dimension) implies that a constant mean curvature graph
on R™ is necessarily minimal. We recall that a graph on a manifold M is the immersion
Iy : M — M xR defined by I'y(z) = (z,u(z)) for some u € C*°(M). As well known, a
graph is of constant mean curvature when v satisfies

Vu
1.11 div| —/——= | = M,
(1.11) iv ( 1+\Vu]2> c on

for some constant ¢, which can be assumed non—negative. Minimality is equivalent to ¢ = 0.
It is not hard to see that if ho(M), the Cheeger constant of M, is null, as in the Euclidean
case, then ¢ = 0. This extends Heinz’ result. However, the conclusion is in general false
if hc(M) > 0. For instance, on H™ with metric (-,-) = dr? + sinh? rd¥? outside the pole,
ho(H™) =m — 1> 0, and for any ¢ € (0, m — 1] the smooth function

_ @) Soi(t) — ¢(sinh )1 =™ tsin s)™ s
we) = [ B () = st [ sy s

satisfies (1.11). Hence u produces a graph of constant mean curvature ¢/m. Note that in
this case u* = co. Recalling that a graph T', on M is said to be bounded if |u|* < 0o, as a
consequence of Theorem 1.1, we have that any bounded constant mean curvature graph on
M is minimal if

(1.12) Ricc(a, .0 (Vr, Vr) = —(m = 1)C(1 + r?),

for some C' > (0. See the more general Corollary 1.2 below.

Furthermore, we emphasize that the geometrical assumptions in Theorem 1.1 are sharp.
This can be indirectly seen with the following reasoning. Recall that stochastic completeness
is the property of a stochastic process to have infinite life time. For the Brownian motion on
a manifold this means that the total probability of the particle to be found in the state space
is constantly equal to 1 (for an introduction to the subject see the excellent book by Emery
[4]). In [16] it has been proved that stochastic completeness of the Riemannian manifold
M = (M, {-,-)) is equivalent to the following analytical property: for each f € C(R) and
for each u € C%(M), with u* < oo, satisfying Au > f(u), we have f(u*) <O0.

Then the conclusion of Theorem 1.1 for the Laplace—Beltrami operator implies that the
complete Riemannian manifold M is stochastically complete. To prove that the geometrical
assumption (M1) together with (1.8) are sharp is therefore enough to show that if we relax
them, then M is no longer stochastically complete and hence the conclusion of Theorem 1.1
is false.

Towards this aim we consider an m-dimensional model M = M(g) such that

(1.13) /OO g(r)t-m /Org(t)m_ldtdr < .
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It is well known, see for instance [16] or Grigor’yan [9], that in this case M = M(g) is not
stochastically complete. Let us choose
2

(1.14) g(r) = exp (mr_

and some € > 0. Clearly

. (log r)1+5> for r > 2

T
1
1-m m—1 ~
g(r) /0 g(t) dt ~ 727‘(10g mIEE as r — 00,
so that (1.13) is satisfied. On the other hand,

" 2 2(1+4¢)
Rice( .,y (Vr, Vr) = —(m — l)gg((:)) ~ —4T (l;gi)l as r — 00.

Thus (1.8) with o = 1, that is for the Laplace—Beltrami operator, barely fails to be met.

Let us now introduce the main assumption on the nonlinearity f we consider, that is,
(F1)  fe C(RY), with f(0) =0 and f positive on R*.
As an immediate consequence of Theorem 1.1 and of the previous remark, we have

Corollary 1.2. Let f satisfy (F1). Under the assumption of Theorem 1.1 there are no
positive bounded above semi—classical entire solutions of the differential inequality

(1.15) div{A(|Vu|)Vu} > f(u) on M.

Note that in the assumptions of Corollary 1.2 positive unbounded semi—classical or even
classical solutions of (1.15) may exist. In fact, they do exist under the additional assump-
tions f(0) =0, (F2) given below, (A3) with @ = oo, and

(1.16) / = ool

See Proposition 4.2 in the Appendix.
Confining ourselves to classical solutions, the conclusion of Corollary 1.2 continues to hold
if we substitute the right hand side of (1.15) with a more general nonlinearity B satisfying

(B) the function B: M x R{ x T M — R is continuous and verifies
B(z,u,&) > —rT(|€]) + f(u) forx e M, w>0 and €] <1,
for some k > 0, where f satisfies (F1), and T is a continuous function on R;{, with
T(0)=0,
see Corollary 2.5. In both Corollaries 1.2 and 2.5 the condition f(0) = 0 in (F1) is not
needed.
An important prototype is the inequality
Apu+/€‘vu’q_f(u)207 p>17 H;ZOa q>07

where T'(0) = kp?. There are a number of important papers concerning this example of
great interest in applications; the reader is referred to [18] and the references thereby.

We also observe that under the additional assumption

(F2)  f is non-decreasing on some interval Ry ;
the apriori request in Corollary 1.2, that the entire solutions are bounded above, can be
removed. However the result is no more applicable to the mean curvature operator.

Theorem 1.3. Let the assumptions of Theorem 1.1 be satisfied, with ®(c0) = oo. Let f
verify (F1), (F2) and

(1.17) lim inf Jw) >0 for some T > max{l, o}.
u”

U—00

Assume that (M1) is verified with
(1.18) G(t) = O(t*) ast— ooc.
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Then (1.15) has no positive semi—classical entire solutions.

As noted for Corollary 1.2, Theorem 1.3 can also be extended to nonlinearity of type B,
see Theorem 3.3 below.

It is a simple matter to realize that assumption (1.17) cannot be relaxed too much.
Indeed, a result of Fisher—Colbrie and Schoen in [6] implies that on any M we can find a
positive solution of Au = u. Nevertheless, observe that (1.17) implies a condition somewhat
dual to (1.16), that is

& ds
(1.19) / ey <>

When A = 1 then (1.3) is also sufficient to get the conclusion of Theorem 1.3, see [16,
Theorem 1.31], that is when (1.15) reduces to the Laplace-Beltrami inequality

Au > f(u) on M.

/oo jl:’s(s) =%

which is the well known Keller—-Osserman condition when M = R™. Actually Theorem 1.3
is the extension to the Riemannian setting of [12, Theorem 2] of Naito and Usami. For
further extensions in Euclidean space of the Naito and Usami results to the vectorial case
as well as to divergence operators with diffusion terms ¢(u), possibly singular or degenerate,
we refer to the recent paper [5] of Filippucci.

The generalization of Theorem 1.3, when (1.17) is replaced by (1.19), for (1.15) on a
general manifold M is still an open problem.

For the classical space forms, as R™ and H™, condition (1.18) of Theorem 1.3 holds when
G(t) =Const.> 0 for all 0 > 0. Clearly, for the p-Laplace-Beltrami operators, p > 1,
Theorem 1.3 applies for all exponents 7 > max{1, p — 1} in (1.17).

In this paper we extend the above results to a larger class of elliptic differential inequal-
ities by replacing f = f(u) with a term of the type B = B(z,u, Vu), and the differential
operator div{A(|Vu|)Vu} by the more general div{A(|Vu|)h(Vu,-)*}, where h is a symmet-
ric positive definite 2-covariant tensor field on M and ¥ denotes the musical isomorphism.
In particular Theorems 1.1, 1.3 and Corollary 1.2 will be consequences respectively of The-
orems 2.3, 3.3 and Corollary 3.1.

In this case (1.19) becomes

2. MAXIMUM PRINCIPLE AT INFINITY

In this section we suppose the validity of (Al), (A2), (A3), and to introduce the more
general operator alluded to in the introduction we consider condition

(H1) h is a positive definite, symmetric, 2—covariant tensor field on M for which there
exist functions a, A, A € C(R{) such that for all 7 € RY, x € 0B,, X € T, M,
X =1,

(i) 0< A(r) <h(X,X)<A(r), (13) |(divh)(X)| < a(r).
We also require, without loss of generality, that
(2.1) liggiogfl\(r) > 0.
The operator we shall be concerned with is then defined by
(2.2) div{ A(|Vv|)h(Vv, )"},

where the vector field h(Vw,-)f is characterized by the property (h(Vv,-)!,Y) = h(Vv,Y)
for each vector field Y € X(M). Note that the above definition makes sense for every
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function v € Lipioc(M). Observe that in the special case when h is the metric (-,-) on M,
the operator in (2.2) reduces to div{A(|Vu|)Vu}, with (H1) satisfied by the choices

Ar) =A(r) =1, a(r) = 0.

We shall be interested also in cases in which v(z) = u(r(x)) is a radial function, with
u € C*(RY). Then an easy calculation yields

div{ A(|Vv|)h(Vv, )} = W(Vr, Vi) {A(|W|) 'Y + A(|ju/ )/ div h(Vr, -)F,
in the weak sense in M \ cut(O). Therefore, since
(2.3) div (X, ) = (divh)(X) + (VX’, ),
with VX” determined by (VX’)(Y, Z) = (Vy X, Z), see [17], we get
(2.4) div{ A(|Vv|)h(Vv, )¢} = h(Vr, Vi) {A(|JW|) 'Y
+ A(|u'|)u'[(div R)(Vr) + (Hessr, h)].
In matrix notation
(2.5) (Hessr, h) = tr(Hessr-h) in M\ [{O} Ucut(O)].
Furthermore, recalling the definition of ® in R, we rewrite (2.4) as
(2.6)  div{A(|Vo|)h(Vv, )"} = h(Vr, Vr){®(u)} + [(div h)(Vr) + (Hessr, h)] (u).
When h is the metric (-,-) on M, then (2.6) reduces to

div{A(|Vu|)Vu} = [®(u)] + Ar ().

It is also worth to observe that if we are on a model manifold N'= N (g) and h = a(r)(-, -),
with a € C*(R{), then (2.6) becomes

/ !/

divia(r)A(|Vu|)Vu} = a(r) {[@(u')]’ + [(m - 1)% + ‘;] @(u')} .

This operator often appears in geometrical problems. For instance, for ®(p) = p, it is used
in the study of equivariant harmonic maps associated to large group actions. See, e.g., [11].
Next, let MK, denote the radial sectional curvatures of M, that is the sectional curva-
tures evaluated over the 2-planes containing Vr. From now on we also assume the validity
of
(M2) there ezists a positive non—decreasing function G € C1(RJ) such that

MK, > -G(r);
(M3) there exist a neighborhood U of 0o, a function ¢ and a number n > 0, such that
(eCNU), 1/¢¢LY (), (>0, (>0 inl,

%> n%[a +AVG] iU,
where a, A\ and A are the functions appearing in (H1).
Every complete manifold verifies (M2) and it results
g(r)
9(r)
where ¢ is defined as in (1.5) and D > 0 is sufficiently large. Condition (M2) implies (M1)
with the same G. Moreover, if M = M(g) is a model, see (1.3), then (2.7) is valid with
equality sign and with cut(O) = 0 by (1.4).
Fix x € M and a local orthonormal basis {e;}", which diagonalizes h at z. Let \g(z) >
0, k=1,...,m, be the eigenvalues of h at z. Set Vr =>""", r;e;, by Gauss’ lemma

(2.8) dori=1,

(2.7) Hessr < [(-,+) — dr ® dr] on M\ {O} U cut(0)],
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and by (2.5), (2.7) and (2.8), for x € M\ [{O} U cut(O)], we have

(Hessr, h) = Z(Hess r)(ei, ei)h(e;, e;) < Z gg,((:)) (1 —rHi(x)
(2.9) i:/l i i=1 /
< Z((:)) (m - ;T22> max Ap(z) = (m — 1)1((:)) max A (),

where the first inequality is an equality when M = M(g) is a model.
We denote by k the function defined by

(2.10) k(r) = exp (ml_ 1 /RT 7;((5)) ds) :
with H given by
(2.11) H(r) = a(r) + (m — 1)A(r)g/(r)/g(r).

Fore >0, R> 0, wr € R set
r s kmfl(t)
we(r) = w +/ o1 <5k1_m s / dt) ds.
( ) R R ( ) R A(t)

Lemma 2.1. For ¢ > 0 sufficiently small, there exists w. non—decreasing in [R,c0) and
satisfying

(212) {A[km—lcp(w;)]' = k™1 in (R, 00),

We have

we(R) = wg, wl(R) = 0.
Furthermore w. > 0 on (R, c0) and

(2.13) lim we(r) = oo.
r—00

Moreover the following hold

(2.14) we(r) = wr as e — 0" uniformly on compact subsets of [R, 00),
(2.15) wl(r) =0 ase — 07 uniformly on [R, ).

Proof. For r > R we set

_ 1.1—-m r " kmil@)
(2.16) S(r) = K )/R R
Because of (H1) (i) and (2.1) we have
(2.17) 0<S(r) < Ck'=™(r) / ' Em™(t)dt
R

for some C' > 0. Set
_o(r)+ (m—1A(r)(g'/g)(r) _ H(r)
(2.18) B(r) = NG oK
Since ¢'/g ~ DG as r — oo by (1.5) for D sufficiently large, it is easy to check that

B(r) > Ny/G(r)

for an appropriate constant N > 0. Hence
lim inf 5(r) > 0.

T—00

Applying de I’'Hopital’s rule to the right hand side of (2.17), we see that

S* = sup S(r) < oc.
[R,00)
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We can now choose £ > 0 so that for each € € (0,¢)
eS(r) € [0,w) = ®(RY) forall r > R.

This shows that for such values of € the function w, is well defined on [R, 00). It is now a
simple checking to verify the validity of (2.12). To prove (2.13), according to (2.16), it is
enough to show that

(2.19) O HeS(r)) > ) for r >> 1

and for some constant C' > 0, where ( is as in (M3). This follows from

C
r

S(r) 1
(2.20) M) > - for r >> 1.
Now we have
T k,mfl(t)
S(r) fwm

(2.21)

O(C/C(r)) kM) @(C/((r)
We assume, without loss of generality, that ((r) — oo as r — oo, so that, using (A3), we
obtain for r >> 1

" rkmfl(t)
S0 >C(”/R ORI
WO/ T el T

Since Z(r) — oo as r — oo, then (2.19) is trivially satisfied if Y(r) = O(1) as r — oo.
Otherwise,

(2.22)

L B(r) L B
(2.23) hgr_l’logf T > hrrggolf )

Using (M3), we have

=/ Uk,m—l(r) ! _ _ o1.m—2 /

E'(r) > ((r) , Y(r)=(m—1)cCoE™ *(r)k'(r).

A(r)

Therefore by (M3) again for r >> 1
=(r) o 1 )7 k() om B(r) R(r) _m
Y'(r) = (m—=1)cC°D A(r) k(r) — cC° m—1 K(r) = cCo
Using (2.22)—(2.24), we can thus choose C' > 0 sufficiently small (and depending on €) so

that (2.20) is satisfied, and in turn also (2.19). Therefore (2.13) holds.
Now we prove (2.15). Since ®~! is monotone increasing, we have

wl(r) = & HeS(r)) < & HeS*).
Since ®~1(07) = 0, it follows that

max w.(r) < sup @ 1(eS*) =0 ase—0".
[R’OO) [R,OO)

Of course (2.14) now follows from (2.15). O

(2.24)

>

In what follows we shall need the following comparison result which is a special case of
Theorem 5.3 of [17]. Since in this case the proof is very simple, for the sake of completeness,
we repeat it here. For further applications via the comparison principle see [19].

From now on we also assume

(H2) for all x € M and for all € € T, M, & # 0, the bilinear form

A’fg'f') (6. @ (€. ) + AEDA(- )

is symmetric and positive definite.
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With ® we shall indicate the symmetric tensor product. Thus if wy, we are 1-forms on M,
w1 Owy = 3(w1 ®ws 4w ®wi).

The symmetry of the expression in (H2) is equivalent to the symmetry of h.
Note that if A = a(z)(:,+), a > 0, by assumption (A2)

0A'(0) > —A(e)  on R*
and therefore (H2) is satisfied if

(2.25) a(z)A(I€]) (I€]°Inl* — [(€&m)|*) = 0

for all &, n € T, M \ {0}, which is of course valid thanks to the Schwarz inequality. In
particular, (H2) is automatic when A is the metric on M.

For a wide discussion on the validity of (H2) — that is for its positive definiteness —
when M reduces to R™ and the divergence part div{A(|Vv|)h(Vwv,-)!} is of the form
Oi[A(|Vul)agj(x, w)0ju] we refer to [3].

Lemma 2.2. Let 2 be a relatively compact domain in M. Let u, v € Lipoc(Q2) satisfy
div{A(|Vu|)h(Vu, )*} > div{A(|Vo|)h(Vv, )} in Q,
u<v on 0.
Then u < v in €.

(2.26)

Proof. First, we observe that, because of (H2) and compactness of €, there exists A > 0
such that in Q2

L(Vv, Vu) := (A(|Vo|)h(Vo, - )* — A(|Vu|)h(Vu, ), Vo — Vu) > X\|[Vo — Vaul?.
This is easily seen, with the aid of (H2) once we realize that

A'(1X4])

1
£(ve,vu) = [0, vo - vy vo - v £

0
where X; =tVv+ (1 —-t)Vu #0, t € [0,1].
Let w = v —u and assume for contradiction the existence of zg € €2 such that w(zg) < 0.
Fix € > 0 so small that w(zg) + ¢ < 0 and set w. = min{w + ¢,0}. Clearly w. = 0 on 9
since u < v on 0€2. Thus —w, is a non—negative compactly supported Lipschitz continuous
function which we can use as a test function for (2.26). Let €, be the connected component
of {x € Q : w(x)+ e < 0} containing x¢. Then

+ A(| X |)h(Vv — Vu, Vo — Vu)} dt,

AVo — Vaul? < /
Q

[ L(Vv, Va) :/ AV R(Vo, ) — A(Vu)h(Va, ), Vi) < 0,

so that Vu = Vv a.e. in Qy,. Therefore, by connectedness, Q,, = Q and v = u + w(xg) in

Q, with w(zg) < 0. This contradicts the fact that v < v on 9. O
The next requirement relates h with the geometry of cut(O) and it will be assumed
throughout the rest of the paper.

(H3) Let either cut(O) = 0 or suppose the existence of a telescoping sequence of smooth
domains {Q, }n exhausting M\ cut(O) such that, denoting with v,, the exterior unit
normal to O,, one has h(Vr,v,) > 0.

Note that, by Yau [20] property (H3) is automatically satisfied whenever h = a(z)(-,-) for
some positive function a.

With this preparation we are now able to establish the following

Theorem 2.3. (Maximum principle at infinity). Let u € C1(M), with u* = sup y u <
0o. Then for each p >0

(2.27) inf div{A(|Vul)2(Vu, ) <o
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holds in the weak sense, where
(2.28) E,={xeM : ux)>u" —p, |Vu(z)| < p}.

Proof. We argue by contradiction. Suppose that for some p > 0 there exists g > 0 such
that for all ¢ € C§°(E,), ¢ > 0,

(2.29) /E (A(Vu)A(Vu, Vi) + 200} < 0.

First note that u* cannot be achieved at any point o € M, for otherwise z¢ € E, and on
the open set E, it holds weakly

div{ A(|Vu|)h(Vu, )} > 0.

Thus u is constant in every connected component of E, by Lemma 2.2 (see also the com-
parison Theorem 5.3 of [17]), applied to v = u — u*. This contradicts (2.29) because ¢ > 0.
Since u* is not attained in M, there is a divergent sequence (r;); such that

(2.30) sup u — u* as j — oo.
8BTj

Choose R > 0 in such a way that

Up :=supu > u* — Q.
Bgr

To simplify the reasoning we first assume that O is a pole so that r is smooth on M\ {O}.
Next fix wgp € (uj,u*) and choose € € (0,ep) sufficiently small to apply Lemma 2.1.
Define
ve(z) = we(r(z))  on Mg =M\ Bg,
where w, is given in Lemma 2.1. Then, according to (2.13), we have
(2.31) ve(x) — 00 as r(x) — oo.

Now, since w, satisfies (2.12), from the definition of k in (2.10), we see that w, satisfies the
following problem

[@(w)) + B(r)@(wl) —e/A(r) <0 in (R, 00),

we(R) = wr >0, wl(R) =0, wl >0 in [R,0),
where (3 is the function given in (2.18). Thus, using (2.6), (2.9) and (H1), similarly to what
has been shown in the proof of Lemma 4.1 of [17], we have that v is a classical solution of
(2.32) div{A(|Vv)h(Vve, )8} <e  in Mg,
' ve >0 in Mg, ve(x) =wg for x € OBR.

We claim that if ¢ is sufficiently small, then u — v, attains a positive maximum M. in Mp.
Indeed, by (2.30) we can choose N sufficiently large so that, having set R; = ry, we obtain

R >R and sup u > wg.
dBr,

Select ¢ > 0 so small that wrp+ 9 < SUPy gy, U- Finally, according to Lemma 2.1 and (2.14),
we choose ¢ = e(R1, p) € (0,¢0) so small that

wr <we(r) <wgp+ @ in[R,Ry].
For every such € we have

ve(x) = we(R) = wr > supu > sup u > u(x) for all x € OBg,
Br OBr

so that
(2.33) u—1v: <0 on OBR.
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Furthermore, if £ € 0Bp, is such that supy Bp, U= u(Z), then
u(z) —ve(z) = sup u — we(Ry1) > sup u —w(R) — o > 0.
OBR, 9BRr,
Finally (2.31) and the assumption that u* < oo imply that
(2.34) (u—ve)(x) <0 for r(xz) >> 1.

Thus, u — v, achieves its absolute, positive maximum M, in Mg, proving the claim.

Moreover the set

F.={zeMpr : (u—ve)(x) = M}

is compact by (2.31) and (2.33).

Our next goal is to show that, up to choosing € > 0 small enough,
(2.35) I'. C E,.
Towards this end, we first observe that for every 7 > 0 there exists 1 = €1(7) > 0 such
that whenever 0 < e < &3

ve(x) < T+ wg for all x € T';.

Indeed, v:(x) = we(r(z)) and r(I'z) C (R,o0) is compact. Therefore we can use property
(2.14) of Lemma 2.1. Next, from (2.15) and Gauss’ lemma for each 7 > 0 there exists
g9 = e9(7) > 0 such that if 0 < & < &
Vo (z)| = wl(r(z)) <7 for all x € T..
We may therefore choose £ > 0 so small that
u(z) >u* —p/2 and |Vo(z)| < p/2 inT..

Since |Vu(z)| = |Vve(x)| for each x € T'., by definition of I, inclusion (2.35) is valid.

In particular, since E, is open and I'; is compact, there is a small neighborhood of T,
contained in E,. Now, pick a point y € I, fix 7 € (0, M,) and call Q. , the connected
component containing y of the set

{r e Mp : (u—uv)(x) > T}
Clearly Q., is bounded by (2.34), y € Q. and Q., C Mg, since u — v. < 0 on 9Bp.
Furthermore, u = v, + 7 on 0§2,, and
u(z) > ve(x) + 7> wr >supu>u" —p in Q.
Br
Therefore, by (2.35) we can choose 7 > 0 sufficiently near M. so that Q,, C E,. But,
according to (2.32) and (2.29) in Q,,, we have for all ¢ € C3°(Qr,y), ¢ > 0,

/ A(|Vu|)h(Vu, Vo) < —50/ o< —5/ o< / A(|Vue)h(Voe, V).
Qry

This contradicts Proposition 6.1, Remark 6.1, of [16], and completes the proof in the case
in which O is a pole.

It remains to consider the case in which O is not a pole, but this can be dealt exactly as
in the proof of Theorem 6.4 of [16]. O

Remarks. Theorem 2.3 continues to hold if u € Lip,.(M) provided that the set E, is
replaced by the larger open set

(2.36) E,={reM : u(x)>u" —p}

This can be easily recognized by a careful inspection of the proof above.

Theorem 1.1 is a direct consequence of Theorem 2.3 in case h is the metric (-,-), since
conditions (H1) and (H2) are automatic. Indeed, in this case div h = 0, with A = A =1
and a = 0, while (H2) follows from (A2) and Schwarz’ inequality, see (2.25).
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Corollary 2.4. In the assumptions of Theorem 2.3 let u be a semi—classical solution with
u* < oo of

(2.37) div{A(|Vu])h(Vu, )} > f(u)  in B,

for some f € C(R). Then f(u*) <0.

Proof. By contradiction assume that f(u*) > 2¢ > 0. Fix p > 0 sufficiently small that on

the open set E,, in (2.36), we have f(u(z)) > ¢. Let ¢ € C(E,), ¢ > 0, then by definition
of semi—classical solution of (2.37) we have

[ A(IVul)h(Vu, V) < —a[ 5.
EBO EBO
This contradicts (2.27) of Theorem 2.3 and the above remark. O

Corollary 2.5. In the assumptions of Theorem 2.3 let u be a classical solution with u* < co
of

(2.38) div{ A(|Vu|)h(Vu, )} > B(z,u, Vu) in B,

where B satisfies (B) for some f assumed only continuous in R. Then f(u*) < 0.

Proof. By contradiction assume that f(u*) > 2¢ > 0. Fix p > 0 sufficiently small that on
the open set E, in (2.36), we have f(u(x)) > €. Let p € C§°(E,), ¢ > 0, then by definition
of semi—classical solution of (2.37) we have

| aqvunvuve) < - [ Baawvoe e [ (i< [
Ey E, E, Ee
By the properties of T in (B), this easily contradicts (2.27) of Theorem 2.3. O

3. NON—-EXISTENCE THEOREMS
The conclusions of Corollaries 2.4 and 2.5 can be used to prove the following

Corollary 3.1. (Non—existence result.) In the assumptions of Theorem 2.3 let f satisfy
(F1). Then (2.37) has no positive bounded semi—classical entire solutions. Furthermore, un-
der assumption (B), inequality (2.38) admits no positive bounded classical entire solutions.

Note that in both cases of Corollary 3.1 it is no longer necessary to require that f(0) = 0.

From now on we assume (Al), (A2), ®(c0) = oo, and (F1). We shall now remove the
assumption u* < oco. This will be achieved via a comparison principle given in Theorem 5.3
of [17], with the careful construction of the comparison function contained in the next

Lemma 3.2. Assume (1.17) and

(A3) O(p) <cp”  inRy

for some ¢, 0 > 0. Let b € C(RY) be positive, with

(3.1) sup b(t) < oo; b(t) > dt™" fort>>1,
teRS

for some d > 0 and for some p € [0,1+ o). Let g € C°(RY) satisfy (g1), (g2) and
t
(3.2) litm inf th—o 1 log/ " (s)ds < oo

for some n € N, with n > 2.
Let w = w(t) be a O solution defined on its maximal interval of definition [0,T) of the
problem

[g" @ (w)) = g () fw),
(3:3) {w(O) = wp > 0, w'(0) = 0.
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Then T < oo, w' >0 in (0,T), and

(3.4) tErjr}i w(t) = 0.

Proof. We divide the argument into several steps following some lines in [16].
Step 1. Integrating (3.3) over [0,¢], ¢t € (0,7") and using the fact that §(0) = 0, (A2) and
w'(0) = 0, we obtain

B(u! () = 5 "(1) /0 G (5)b(s) f (w(s))ds.

Since b(t) > 0 for ¢t > 0, f(u) > 0 for u > 0 and since  is invertible from R onto R{, we
get

t
(3.5) w'(t) = o7 <§1n(t)/ §"1(S)b(8)f(w(8))d8> :

0
whence the positivity of w’ on (0,7). From the initial data in (3.3) it follows that w(t) > 0
on [0,7") and it exists

(3.6) tEgIﬂl_ w(t).

Step 2. Now reason by contradiction and suppose T = oo. We shall show in this case that

w* = sup w(t) < oo.
teRY

Indeed, assume the contrary and let 79 > 0 be so large that by (1.17) there is a > 0 with
fw®) > aw®)” forteQ, ={teRy : wt)>~}#0

for each v > vp. Note that for any fixed v > 7 in €2, the function w solves the differential
inequality

(3.7) (" (W) > ag™ ow™.
We choose R > 0 sufficiently large so that
[ry,R) =1[0,R) Ny # 0, w(ry) = 7.
Since 7 > max{1, o} it is possible to find ¢ > 1 such that
1+o0 /(1 1+0 (1
3.8 ) 2 -—1]1>0 1) 2 -—1)>0.
B9 () T (Zo)ze @ 2T (1)

Having fixed such a ¢, we let » > R and choose a smooth cut—off function  : RS’ — [0, 1],
with the properties

39) (i) v=1 onl0,r], (ii) ¥»=0 on[2ro00),  (iii) y¢’|gg¢1/<

for some constant C' = C(¢) > 0. We note that this is possible since ¢ > 1. Let ¢ : R — R
be a C' non-decreasing function such that

(3.10) d(u)=0 foru<~y and ¢(u)=1 foru>~y+1

Fix o > 1 and multiply the right hand side of (3.7) by 12(@*7=Dg(w)w*~!. We integrate
by parts on [0,2r] and using (3.7), (A3)" and the fact that ¢’ > 0

2r
/ an(OH*T*l)¢(w)w04+7'*1bgnfldt
0

2r
(3.11) < / 2(a+7 = DT g(w)w T e (w) | dt
0

2r _
‘/ AT ()2 ) g
o c¢/°
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Since o > 1, we set

_1\9/(1+9)
pzl—}—l, p=1+o0, €= a1 > 0,
o cl/o

and use the inequality

ebep P’
En< — + vt
p pe

valid for all £, n > 0, to obtain
2r
| 2 et g e s
0

r a—1 2(a47-1) a—2 Np~n—1
< —7 Y P(w)w* @ (w')Pg" dt
o cl/e

(a+7—1)tte

+C (a—1)7

2
/ " ¢2(a+7’—1)wa+0—1(¢}—1|wl|)p’§n—1dt
0
for some constant C' = C(c¢,0) > 0. Hence, inserting into (3.11) and using the fact that
¢ >0, we get
2r

¢2(a+7—_1)(ﬁ(w)’wa—H—_lbgn_ldt
0
(3.12) C (Oé + T - 1)1+0 2 ¢2(a+7—1)+(—1+1/op/
- (a—1)7 0
L L C AT L a7
with C' = C(¢,0,a) > 0.
Let p and §' be conjugate exponents to be chosen later. Since b > 0 in R, by (3.9) (iii)
we obtain

/

2r
W = / wQ(a—l—T—l)—f—(—l—l—l/C)p’¢(w)wa+a—1(w—l/gwjl‘)p gn—ldt
0

1/p

2r
(3.13) < {/ ¢2(a+7—1)¢(w)w(a+a—1)ﬁbgn—1dt}
0

2r o </ 1/ C
{/ HAHTDHF P (Z141/Q) g ) 1P g”‘ldt} —

0 rP

for some constant C = C(¢) > 0.
Next we need to consider two cases separately.
Case 0 < 1. Since 7 > 1, we can choose

_ a+71-—1 _
p:p1:7>1’ p/:paz

a T—1
Note that (0 —1)/a < 0 and therefore
w(oa—&-a—l)/oa < ,_Y(U—l)/ozw on QW'

Using this latter, (3.13), (3.8) (i), (3.1) and the fact that ¢ <1 yields

Ol 2r 1/p1 2r 1/p}
W < {/ 1/}2(&+T1)¢<w)bwa+‘rlgnldt} { <w)b§n1dt} 7
0 0

- rp/*l‘«
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and inserting into (3.12) gives

2r
¢2(a+7’—1)¢(w)wa+7—1b§n—ldt

0
_1\P Ao-1 g 2r
< {C(‘HT v } { (w)bg"ldt},
0

(@ —1)orp'—n

(3.14)

with C' = C(e,0,a,() > 0. Therefore, since contributions to the integral are obtained only
for w > ~, putting 7 = 7 — max{1l, o} =7 — 1, we have

, a+7—1)/T
Cla+1—-1)P~""T" (otr=D/7 20
(a—1)orp'—n

(3.15) /O ' P(w)bg" Lt < { B(w)bg™Ldt.

0

Case o > 1. This case is similar to the above and one proceeds from (3.13) with the choices
~ a+17—-1 » , a+T7-—1
P:p2:m>1, pP=pr=——""">

observing that

w/(eto=1) < f(1=o)/(ato=1),,  op Q,

to get (3.15) also in this case, with 7 = 7 — max{1l, o} =7 — 0. Next we set

G(r) = /0 " p(w)bgndr,

so that (3.15) becomes

v (a+7-1)/7
(3.16) Gr) < { Clatr—1) } G(2r).

VT (o = 1)k

We choose
,nya' ,
a=ar)=——rP7H
(r) =37
so that, up to have chosen R > 0 sufficiently large,

(a7 —1)"
(a—1)

It follows that, for some appropriate constant ¢; > 0, independent of ~, and » > R, from
(3.16) we deduce that

<4« for each r > R.

(3.17) G(r) < 2-ar ™

T—0 X

G(2r), r> R,

with G : [R,o0) — R{ non-decreasing and p’ — > 0. Applying Lemma 4.7 of [16], we
obtain the existence of a constant ca = co(o, 1) > 0 such that, for each r > 2R,

r R
(3.18) i log/ P(w)bg" Lt > i log/ H(w)bg" " Ldt + crcoy" 7 log 2.
0 0

Next, since supb < oo, ¢ =1 for t > v + 1, we have

T R
rhP log/ §v e > rHP log/ H(w)bg" Ldt + 17" log 2,
0 0

for some C' > 0. Then, observing that u — p’ = 4 — 1 — o and choosing r and ~ sufficiently
large, we contradict (3.2). It follows that w* < oco.

Step 3. Having proved that w* < oo, we now contradict T = co. Towards this end we
consider the model manifold "= R{ x S™~!, with metric

() =dr* +§*d¥*  on N\ {0}.
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By (gl) and (g2) this metric can be smoothly extended to all of A/. Since w is a positive C!
solution of (3.3) on R and w' > 0, the function v(z) = w(r(z)) is a positive C! classical
solution of

div{A(|Vv|)Vv} = b(r(z)) f(v) in NV,
with v* = supy v < co. Moreover b(r) > Cr=# r >> 1, b(r(z)) > 0 on N and

r—00 r—00

lim inf ¥ log vol(B,) = liminf i log/ gt < o0
0

because of (3.2), where vol denotes the Riemannian measure in N. It follows from Theo-
rem A of [15] that f(v*) <0, so that v* = 0 by (F1) since § = oo, contradicting the initial
data in (3.3). Hence T < .
Step 4. We claim that (3.4) holds. By the previous steps 7' is finite. Arguing by contradic-
tion and using (3.6), we have

lim w(t) =wr € R.

t—T—
From (3.5)
li '"(t) = wh € R.
w0 =
We claim that the problem
~n—1(I) 7N\ — ~n—1b t ~
w(T) = wr > 0, W' (T) = w

admits a C! solution on [T, T + €), for some ¢ > 0. Indeed, by the change of variable
z = ®(w'), the initial value problem can be written in the equivalent form

W' = d71(2)

~/

(3.20) {2 =—(n— 1)% z 4 b(t) f(w), {
W(T) =wr >0, 2(T)=uwp

=9(tx), x
z(T) = (wvaa“)

(w,z) € R?

where W is a continuous function from [T, 00) x R2. By standard theory (3.20) has at least
a C! solution & = (10, z) defined in some interval [T, T + €), € > 0, and therefore w is a C*
solution of (3.19) in [T, T + ¢), proving the claim.

Now the C' function

t tel0,T
ot - {0 0.7),
w(t), te[T,T+e¢)
is a solution of (3.3), contradicting the maximality of T'. ]

Actually problem (3.3) admits the required solution at least when g is non—decreasing,
see Proposition 4.1 in the Appendix. In the next result we recall that under assumption
(M2) we have ¢'/g ~ DV/G as t — oo by (1.5). We are now ready to prove

Theorem 3.3. Assume also (A3)', (H2), (H3), (F2) and (1.17), where o > 0 is the number
given in (A3), and (H1) with

(3.21) A(r) = O(rH) as r — oo,
for some p € [0,0). Let B satisfy (B), with T = ® and suppose also that

(3.22) B(r) = H(;()r)*”

Then the differential inequality
(3.23) div{ A(|Vu)h(Vu,-)*} > B(z,u, Vu)

admits no positive semi—classical entire solutions.

=O0(r7 1) as r — oo.
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Proof. We first observe that without loss of generality we can assume
(3.24) A(r)>1  onRy§.

Next, we argue by contradiction and assume the existence of a positive solution u of (3.23)
on M. Since f(u) > 0 for u > 0, the solution v cannot be constant, since ®(0) = 0. Hence
Vu(O') # 0 for some O" € M. With no loss of generality, we can suppose O’ = O. Using
Proposition 4.1 of the Appendix there is a solution w of (3.3) on [0,7), T < oo, with

(3.25) 0 < w(0) =wy < u(0), b(t) = 1/A(1), n>1+ (m—1)/X0),
and with g being the solution of the problem
N
(3.26) (n = ) 7< 9=
9(0)=0, g'(0)=
where 7 is a fixed function of class C*°(R™) such that

n—1

(3.27) ~y(t) = t
Cto—H, t>>1,

0<t<<l,

for some C' > 0, and also such that
(3.28) ¥(t) > B(t)  inR{,

where explicitly

aft) +r+ (m=1)A(t)g'(t)/9(t)

B(t) = O :

and ¢ is given in (1.5) under assumption (M2). Inequality (3.28) is clearly possible by
(3.25) and (3.27) for some appropriate C' > 0. Note that the solution § of (3.26) is of class
C*°(R) since 7 is smooth. Moreover §(t) > 0 for t > 0 and §(t) = ¢ near 0. Thus §’(0) = 1
and §(®%)(0) = 0 for each k = 0,1,2,.... Furthermore § is strictly increasing in RS

An easy calculation shows that (3.2) is satisfied. Furthermore, (3.21) and (3.24) yield
(3.1), which will be needed to apply Proposition 4.1 below. Moreover Lemma 3.2 can be
applied so that T' < oo, w'(t) > 0 for t € (0,7T") and (3.4) holds. We also observe that by
(3.26) and (3.28) the solution w of (3.3) and (3.25) satisfies also

{[@(w')}' +B(r)®(w') < f(w)/A i [0,T),
0

(3.29) w'(0)=0, w >0 in (0,7).

It follows, similarly to what has been shown in the proof of Lemma 4.1 of [17], that v(z) =
w(r(x)) is a semi—classical solution of

(3.30) div{A(|Vv|)h(Vv, )8} < f(v) — k®(|Vo|) in Br,

. v(0) <u(0O), v>0in By, wv(xr)— ocoasz — 0Br.

Put Q = {z € M : u(z) > v(x)}. Then O € Q # () and Q C Br since v(x) — oo as
x — OBp. Moreover, v = u on 9. By the comparison Theorem 5.3 of [17], applied with
B(z,z,€) = f(z) — k®(|£]), we deduce that v > w in Q. This contradicts the fact that
0 €. O

Of course Theorem 1.3 is an immediate consequence of Theorem 3.3.
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4. APPENDIX

The next existence result has been used in the proof of Theorem 3.3, with weaker version
of the structural assumptions (A1), (A2), that is

(al) Ae C(R"),

(a2) ®(p) is strictly increasing in RT and ®(p) — 0 as p — 0.
Proposition 4.1. Assume (al), (a2) and (F1). Problem (3.3) admits a C' solution w in
[0,T), T < oo, for all § that are continuous, monotone non—decreasing in R, with §(0) = 0,
and for all b € C(RY) satisfying (3.1)1, with b positive.
Proof. First, without loss of generality, we suppose that SUPp+ b < 1. Now any possible
local classical solution of (3.3), for small ¢ > 0, must be a fixed point of the operator

(4.1) Tlw)(t) = wo + /th>—1 (/0 [q(”]n_l b(T)f(v(T))dT> ds.

g(s)

We denote by C0, %], to > 0, the usual Banach space of continuous real functions on |0, o],
endowed with the uniform norm || - ||so.
Fix € > 0 so small that [wy — e, wo + €] C (0,9), and put

C={we C0,ty] : [[w—wol|lec < e}

By (F1)
0< min f(u) < max f(u)=M < .

[wo—e,wo+e] [wo—e,wo+¢]

If w € C then w([0,%0]) C [wo — &, wo + €], and in turn 0 < f(w(t)) < M. Now by (3.1);

og/os [?]Zﬂn_lb( d¢</ Flw(m))dr,  0<s<to,

and the last integral approaches 0 as s — 0 by (F'1). Thus the operator 7 in (4.1) is well
defined.

We shall show that 7 : C' — C and is compact provided t¢ is so small that Mty < ®(c0)
and to®~1(Mtg) < e. Indeed, by (3.1); for w € C we have

—w ! -1 B " 7)f(w(T))dT | ds -1 €
I7w] ~ ol < [0 (/0 [g(s)} b(r) £ <>>d>d < 1@ (Mto) <

and in turn 7 [w] € C. Hence 7(C) C C. Let (wy); be a sequence in C' and let s,¢ be two
points in [0, tp]. Then

| TTwr](t) — Twg] (s)| < 7H(M)]t — 5.

By the Ascoli-Arzela theorem this means that 7 maps bounded sequences into relatively
compact sequences with limit points in C, since C' is closed.

Finally 7 is continuous, because if w € C and {wy}, C C are such that ||w; —w||~ tends
to 0 as k — oo, then by Lebesgue’s dominated convergence theorem, we can pass under the
sign of integrals twice in (4.1), and so 7 [wy] tends to 7 [w] pointwise in [0,¢o] as k — oo.
By the above argument, it is obvious that || 7 [wy] — T [w]||cc — 0 as k — oo as claimed.

By the Schauder Fixed Point theorem, 7 possesses a fixed point w in C. Clearly, w €
C[0,t0) N C[0,tp) by the representation formula (4.1), that is

(42) w(t) = wo — | s ( I [28 } b(T)f(v(T))dT> ds,

so that the fixed point w is a C! solution of (3.3). O
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Once it is known that a solution of (3.3) exists in [0,7"), then it necessarily obeys (4.2)
in the entire [0,7).
The next existence result provides the counterexample mentioned after Corollary 1.2.

Proposition 4.2. Assume (al), (a2), (F1), (F2) and that ®(o00) = co. Let g be continuous,
monotone non—decreasing in Rg, with g(0) = 0, and suppose f # 0. Then initial value
problem

sign /(6] - [g()" @ (1)) — Coly™ flw(t) =0, >0,
w(0) =wo >0, w'(0) =0,

admits a non—decreasing C* solution defined in the entire R, whenever (1.16) holds and
C > 0 is a suitable constant.
If furthermore also (A3)’, (F1) hold and g(co) = oo, then w(t) — oo as t — oc.

Proof. The proof of the first part is essentially given in Lemma 3.1 of [14] with the use of
Lemma 3.1 (ii) of [18].
For the second part of the proof we can proceed as in the proof of Theorem A of [14]. O
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